Introduction
The purpose of this article is to study topological properties of groups of volume-preserving diffeomorphisms of noncompact manifolds. The group of diffeomorphisms of a manifold M acts on the space of volume forms on M . We can use a family of diffeomorphisms of M to transfer volumes and thereby deform a family of volume forms on M . In this article we propose a unified approach for the general problem of realizing data of volume transfer toward ends by diffeomorphisms of M (Theorem 3.1). We use this realization result, together with Moser's theorem, in order to obtain two main selection theorems related to volume-preserving diffeomorphisms of a noncompact manifold M (The- When M is compact, Moser's theorem [2, 3, 9] asserts the transitivity and the existence of sections of the orbit maps under this action. Similar results for measure-preserving homeomorphisms were obtained by von Neumann-Oxtoby-Ulam [11] and A. Fathi [7] .
When M is noncompact, it is necessary to include some informations on the ends of M [4, 8] .
For an open subset F of the space E M of the ends of M , consider the subgroup D + (M ; F ) = {h ∈ D + (M ) | h(F ) = F }, where h is the natural homeomorphic extension of h to the end compactification of M . We also need to introduce the spaces
where E µ M is the set of µ-finite ends of M . According to R. Berlanga [4] these spaces are endowed with the finite-ends weak C ∞ -topology ew (cf. Section 2.4). The group D + (M ; F ) acts continuously on V + (M ; m, F ) ew by h · µ = h * µ, and the subgroup D(M ; ω) coincides with the stabilizer of ω under this action. The transitivity of this action was shown by R. E. Greene -K. Shiohama [8] . The similar problem for measure-preserving homeomorphisms were studied by R. Belranga [5] . He has really obtained the result on existence of sections for orbit maps [4] . The first application of Theorem 3.1 is the C ∞ -version of this result, that is, the extension of Moser's theorem to noncompact manifolds. (ii) D(M ; ω) is a strong deformation retract of D + (M ; F ).
Next we are concerned with an internal structure of the group D(M ; ω). When M is noncompact, one can measure volume transfer toward ends of M under volume-preserving diffeomorphisms which fix the ends E M . This quantity is described by the end charge homomorphism where C is any n-submanifold of M such that Fr M C is compact and E C ⊂ E M is the set of ends of C. This quantity represents the total ω -volume (or mass) transfered by h into C and into E C in the last. Hence, the end charge c ω h describes mass flow toward ends induced by h. The group D E M (M ; ω) acts continuously on S(M ; ω) by h · a = c ω h + a. The end charge homomorphism c ω : D E M (M ; ω) → S(M ; ω) coincides with the orbit map at 0 ∈ S(M ; ω) under this action.
In [12] we have shown that the end charge homomorphism for measure-preserving homeomorphisms has a continuous section. As the second application of Theorem 3.1, we show that the end charge homomorphism c ω for volume-preserving diffeomorphisms also has a continuous (non-homomorphic) section. Theorem 1.2. Suppose P is any topological space and µ : P → V + (M ) and a : P → S(M ) are continuous maps such that a p ∈ S(M ; µ p ) (p ∈ P ). Then there exists a continuous map h :
(1) The end charge homomorphism c ω :
The group ker c ω contains the subgroup D c (M ; ω) consisting of ω-preserving diffeomorphisms with compact support. In a succeeding paper we will investigate the relation between these subgroups. This paper is organized as follows. Section 2 is devoted to generalities on end compactifications, diffeomorphism groups, spaces of volume forms and end charge homomorphism. In Sections 3.1 and 3.2 we discuss volume transfer by engulfing isotopies and obtain a fundamental deformation lemma.
In Section 3.4 we state and prove Theorem 3.1, the main theorem in this article. Theorems 1.1, 1.2 and their corollaries are proved in Section 4.
Preliminaries

Conventions.
Throughout the paper, a C ∞ n-manifold M means a separable metrizable C ∞ n-manifold possibly with boundary. We add the phrase "possibly with corners" when we allow that M has corners modeled on [0, ∞) 2 × R n−2 . In this paper corners appear only when we cut an n-manifold with boundary by a proper (n − 1)-submanifold. is also a C ∞ n-submanifold of M .
When M has corners, a collar E of ∂M in M is locally modeled on E 0 × R n−2 , where
The collar E 0 has the base C = [0, 2] 2 \ [0, 2) 2 and the collar arcs
The symbols B(M ), K(M ) and C(M ) denote the sets of Borel subsets, compact subsets and connected components of M respectively. Let B c (M ) = {C ∈ B(M ) | Fr M C : compact} and
denote the space of good Radon measures µ on M with µ(∂M ) = 0 endowed with the weak topology. For µ, ν ∈ M ∂ g (M ) we say that ν is µ-biregular if µ and ν have the same collection of null sets.
By C ∞ (M ) we denote the space of C ∞ -functions f : M → R endowed with the compact-open
The symbol Ω n (M ) denotes the space of n-forms on M endowed with the compact-open C ∞ -topology. When M is oriented, V + (M ) denotes the subspace of Ω n (M ) consisting of positive volume forms on M . For any ω ∈ V + (M ), the space V + (M ) admits a canonical affine contraction onto {ω}:
where χ B is the characteristic function of B (i.e., χ B ≡ 1 on B and χ B ≡ 0 on M − B). Since
For simplicity, we denote ω by the same simbol ω. Note that C ∈ B(M ) has zero Lebesgue measure iff ω(C) = 0.
By D(M ) we denote the group of diffeomorphisms of M onto itself endowed with the compact-
, by G * 1 we denote the subgroup of G 1 consisting of h ∈ G which admits a path
Since G is a topological group, for any continuous maps ϕ, ψ : P → G, the composition ψϕ : P → G,
p are also continuous maps. We say that a map ϕ : P → G (or a map µ : P → Ω n (M )) has locally common compact support in V ⊂ M if for each point p ∈ P there exists a neighborhood U of p in P and
Ends of manifolds. (cf. [4])
Suppose M is a noncompact, connected C ∞ n-manifold possibly with corners. An end of M is a function e which assigns an e(K) 
Then h has a unique extension h ∈ H(M ) defined by h(e) = h(e) (e ∈ E M ) and the map
For each C ∈ B c (M ) we set
Then, E C is open and closed in E M and C is a neighborhood of E C in M .
For A, B ∈ B(M ) we write A ∼ c B if the symmetric difference A∆B = (A − B) ∪ (B − A) is relatively compact (i.e., has the compact closure) in M . This is an equivalence relation and for
2.3. Volume transfer and end charge homomorphism.
First we introduce a quantity which measures volume transfer by diffeomorphisms (cf. [12, Section
3.2])
. Suppose M is a connected oriented C ∞ n-manifold possibly with corners and ω ∈ V + (M ). For A, B ∈ B(M ) we write A ∼ ω B if ω(A∆B) < ∞. This is an equivalence relation and A ∼ c B implies
If A ∼ ω B, then we can define the following quantity:
The quantity J ω has the following formal properties:
Then the following function is continuous :
). 
Next we recall basic properties of the end charge homomorphism defined in [1, Section 14] . Suppose M is a noncompact connected oriented C ∞ n-manifold possibly with corners and ω ∈ V + (M ). The symbol Q(E M ) denotes the algebra of clopen subsets of E M . An end charge of M is a finitely additive signed measure c on Q(E M ), that is, a function c : Q(E M ) → R which satisfies the following condition:
Let S(M ) denote the space of end charges c of M with the weak topology (or the product topology).
This topology is the weakest topology such that the function S(M ) → R : c → c(F ) is continuous for any F ∈ Q(E M ). We set
Then S(M ) is a topological linear space and S(M ; ω) is a linear subspace of S(M ).
For h ∈ D E M (M ; ω) the end charge c ω h ∈ S(M ; ω) is defined as follows: For any F ∈ Q(E M ) there exists C ∈ B c (M ) with E C = F . Since C ∼ c h(C), we can define as
This quantity is independent of the choice of C.
Action of diffeomorphism groups on spaces of volume forms.
Suppose M is an oriented C ∞ n-manifold possibly with corners. The group D + (M ) acts continu-
For m ∈ (0, ∞] we obtain the invariant subspace
asserts that this orbit map has a continuous section in case M is a compact connected oriented C ∞ n-manifold (J. Moser [9] , A. Banyaga [2, 3] ). In this article we apply the next version. The following notations are used for a collar 
Then there exists a continuous map
Remark 2.1. In Lemma 2.3 (1), the map ϕ p does not fix ∂M pointwise. To remedy this point, we can apply (2) before (1) to obtain the following conclusion. 
For completeness we include the proofs of Theorem 2.1 and Lemma 2.3 in Appendix.
To deal with the noncompact case, it is necessary to include the informations on the ends of manifolds ( [4, 8] ). Suppose M is a noncompact, connected oriented C ∞ n-manifold possibly with corners. For m ∈ (0, ∞] and an open subset F of E M , we set
To distinguish topologies, by V + (M ; F ) w we denote the space V + (M ; F ) endowed with the compactopen C ∞ -topology. If C ∈ B c (M ) and E C ⊂ F , then we obtain the function
It is easily seen that this map is not continuous if C is not compact. In The finite-ends weak topology on the space
F ) endowed with the finite-ends weak topology.
Definition 2.1. The finite-ends weak C ∞ topology on V + (M ; F ) is the weakest topology such that (i) the identity map id :
for any continuous function f : M ∪ F → R with compact support.
Let V + (M ; F ) ew denote the space V + (M ; F ) endowed with the finite-ends weak C ∞ topology. From the definition it follows that the canonical map
is continuous.
Thus, there exists a continuous function f :
Since f has a compact support in K, by the condition (ii) in Definition 2.1 we have the continuous
is invariant under this action and for ω ∈ V + (M ; m, F ) ew we have the orbit map π ω :
coincides with the stabilizer of ω. The transitivity of this action on V + (M ; m, F ) ew is proved in [8] .
For the sake of notational simplicity we follow the next convention in the subsequent sections. For continuous maps ϕ : P → D + (M ), µ, ν : P → V + (M ) and an n-submanifold N of M , we obtain continuous maps ϕ * µ :
Realization theorem for volume transfer toward ends
In this section we discuss realization problem of volume transfer toward ends by diffeomorphisms.
Main theorem 3.1 is applied in the next section to deduce Theorems 1.1 and 1.2.
Volume transfer by engulfing isotopy.
Suppose M is a connected oriented C ∞ n-manifold possibly with corners and d is any metric on 
an open regular neighborhood of T , which is an open C ∞ n-cell.
Consider the decomposition of the end compactification
Since the compact family {f t } −∞≤t≤∞ is equi-continuous with respect to d, the family {f t } −∞<t<∞ is also equi-continuous with respect to d| M . Hence, the map f given in (ii) satisfies the required conditions. Now we use the isotopy h t = f −1 t to transfer volume on M . Consider the continuous maps
Since the map λ(µ, * ) : R → (−µ(L), µ(N )) is a monotonically increasing homeomorphism, the map t is well defined. Note that h 0 = id M and t(µ, 0) = 0.
Lemma 3.2. The map H has the following properties:
Remark 3.1. The continuous map
provides a homotopy from H 0 ≡ id M to H 1 = H with locally common compact support in Int M .
Fundamental deformation lemmas.
Suppose M is a connected oriented C ∞ n-manifold possibly with corners, d is any metric on M and 
Remark 3.2. In Lemma 3.3 we note the following points.
(A) The condition (2)(ii) implies (2)(i). This follows from the condition (a) and the equation
then the condition (2) is replaced by
This is verified by applying Lemma 3.3 to the functions −a i .
Proof of Lemma 3.3. [1]
First we verify the case m = 1. The argument in Section 3.1 can be applied to M = A 1 ∪ N so to yield the associated map H :
From the conditions (a) and (b) it follows that (µ p , a p (1)) ∈ W + (M ) (i.e., a p (1) ∈ (−µ p (A 1 ), µ p (N ))) for each p ∈ P .
Thus, we obtain the composition
The required properties of ϕ are verified by Lemma 3.2 and Remarks 3.1 and 3.2 (A).
[2]
We proceed by the induction on m. For m = 0 we can take ϕ ≡ id M . Suppose m ≥ 1 and assume that the assertion holds for m − 1. To prove the assertion for m, first we apply the inductive hypothesis to the data :
Next we apply [1] (the case m = 1) to the data :
and similarly, b(1) > −(ψ * µ)(A 1 ).
Then we obtain a map χ : P → D c ∂ (M 1 ) * 1 which satisfies the conditions (1), (2) and (3) for these data. The condition (1) (i) assures that this map has a canonical extension by id,
which also satisfies the conditions (1), (3) (for b(0), b(1)) and
Finally, we see that the map ϕ : P → D c ∂ (M ) * 1 , ϕ p = χ p ψ p satisfies the required conditions. (1) Since both ψ and χ satisfy the condition (1), so is the map ϕ.
(2) From the condition (2) 2 (ii) it follows that
For i = 2, · · · , m, since χ = id on A i , the condition (2) 1 (ii) implies that
The condition (2)(i) follows from (2)(ii) and Remark 3.2 (A).
(3) If a p (i) = 0 (i ∈ {1, · · · , m}), then we have (i) ψ p = id M and (ii) b p (0) = b p (1) = 0 so that
This completes the proof.
Admissible sequences of diffeomorphisms.
Suppose M is a noncompact connected C ∞ n-manifold possibly with boundary and d is any fixed metric on M . Let N (M ) denote the set of compact, connected C ∞ n-submanifold N of M such that each C ∈ C(N c ) is noncompact. (We assume that ∅ ∈ N (M ).) We also let
Note that (i) for any N ∈ N (M ) the complementary region N c is a C ∞ n-submanifold of M consisting of finitely many noncompact connected components and (ii) since dim E M = 0, for any K ∈ N (M ) and any ε > 0 there exists an
Let P be a fixed topological space.
is said to be admissible if it satisfies the following conditions for each
for some continuous maps
(1) The sequences (f k ) k and (g k ) k converge d| M -uniformly to some continuous maps f, g : P → D ∂ (M ) 1 respectively.
Proof. We verify the statements for the map f . The argument for the map g is completely same.
Note that the metric d on M induces the sup-metric d on Map(M ) (and on Map(M )).
[1] The sequence (f k ) k has the following properties:
In fact, from (2) k and (4) k it follows that
[2] There exists a canonical extension map η :
Since M is compact, the sequences (f k ) k and (f k ) −1 k converge d-uniformly to some continuous
tending ℓ → ∞, we have the condition (2) 
Obviously
is also contiuous at t = ∞. Suppose M is a noncompact, connected oriented C ∞ n-manifold possibly with boundary and
Then there exists a map
Proof. Choose a product collar
of S in M such that E 1 intersects with E 2 orthogonally so that
By Lemma 2.3 (2) there exist maps
Thus we obtain maps
By Lemma 2.3 (1) there exist maps
is a collar of ∂N in N . Consider the continuous maps µ 2 | N , ν| N : P → V + (N ) and
For each p ∈ P it is seen that
In fact, since χ 2
. Finally, the required map χ is defined by the composition
Main deformation theorem.
Suppose M is a noncompact connected oriented C ∞ n-manifold possibly with boundary, d is a fixed 
.
See Section 4 for explicit examples of (a, F).
Recall the defining conditions (1) k ∼ (4) k for admissible sequences in Definition 3.1.
which satisfies the following additional conditions:
The maps f and g satisfy the following conditions:
(2) a(f, g; C) = 0 for any C ∈ F with
which satisfy the conditions (1) 
as follows:
is equi-continuous with respect to d| M , we can find K k ∈ N (M ) which satisfies (1) k and (4) k (i).
we construct a map ϕ B : P → D c ∂∪B c (M ) * 1 which satisfies the following conditions:
Consider the decomposition of B and the associated functions in C 0 (P ) defined by
where
In order to apply Lemma 3.3 to these data and (f k−1 * µ)| B , we have to check the next conditions: 
has a compact support, we also have µ((f k−1 ) −1 (A ′ j )) = ∞, which obviously implies the assertion for b(j)'s. Now Lemma 3.3 can be applied to yield a map ϕ B : P → D c ∂∪B c (M ) * 1 which satisfies (3) ′ k and the next conditions:
We note that the conditions (5) ′′ k and (6) ′′ k imply (5) ′ k and (6) ′ k respectively. In fact, by ( * 2 ) and Lemma 2.1 the condition (5) ′′ k implies that
If p ∈ P and a p (id M , id M ; C) = 0 (C ∈ F), then from (6) k−1 and Remark 3.3 (i) it follows that
and from (6)
Then the required map
The conditions (3) k and (6) k follow from (3) k−1 , (3) ′ k and (6) k−1 , (6) ′ k respectively, while the condition (5) k follows from (5) ′ k and Remark 3.3 (ii).
is equi-continuous, we can find L k ∈ N (M ) which satisfies (1) k and (4) k (ii).
g k : The map ψ k and g k are obtained by the same arguments, using Lemma 3.3 and Remark 3.2 (B).
[2] The existence of the limit maps f and g and the condition (1) follow from Lemma 3.4.
and hence a(f, g; C) = a(f k , g k ; C) = 0 by Remark 3.3 (i) and (5) Suppose F is an open subset of E M and µ, ν : P → V + (M ; F ) ew are continuous maps with
Definition 4.1. We define (F, a) as follows : (f, g; A) .
Proof. Remark 4.1 implies that
by the assumption on µ and ν.
Proof of Theorem 1.1. By Theorem 3.1 we obtain an admissible sequence (K k , L k , f k , g k ) k≥1 and the limit maps f, g : P → D ∂ (M ) 1 which satisfy the following conditions:
(1) a(f, g; C) = 0 (i.e., (f * µ)(C) = (g * ν)(C))
By the condition (1) and Lemma 3.5 we obtain a map χ :
Finally, the required map h :
Theorem 1.1 is equivalent to the following statement.
Theorem 1.1 ′ . Suppose P is any topological space and µ :
Then there exists a homotopy h :
Proof. The homotopy h in Theorem 1.1 ′ is obtained by applying Thereom 1.1 to the maps µ and
The maps µ, ν : P → V + (M ; F ) ew in Theorem 1.1 are connected by the affine homotopy Proof of Corollary 1.1 (1). We apply Theorem 1.1 to the data:
This yields a map σ : P → D(M ) 1 such that σ(µ) * ω = µ (µ ∈ P ) and σ(ω) = id M . This means that the map σ is the required section of π ω . Corollary 1.1 (2) is a special case of the next corollary.
Note that (a) a(E N ) = 0 since N is compact and
Proof of Theorem 1.2. Theorem 3.1 yields an admissible sequence (K k , L k , f k , g k ) k≥1 and the limit maps f, g : P → D ∂ (M ) 1 which satisfy the following conditions:
Thus, by Lemma 3.5 we obtain a map χ :
We show that the map h :
, and by the condition (1) it follows that
In general, for any F ∈ Q(E M ), there exists k ≥ 1 and
This completes the proof. Theorem 1.2 has the following slight generalization. Theorem 1.2 ′ . Suppose P is any topological space and µ : P → V + (M ) and a : P → S(M ) are continuous maps such that a p ∈ S(M ; µ p ) (p ∈ P ). Then there exists a homotopy h :
Proof. The homotopy h is obtained by applying Theorem 1.2 to the maps
Proof of Corollary 1.2 (1) . The required section is obtained by applying Theorem 1.2 to the data: P = S(M ; ω), the constant map µ ≡ ω : P → V + (M ) and id : P → S(M ; ω).
G → S(M ; ω). Corollary 1.2 (2) is a special case of the next corollary.
The inverse is given by
(2) Since the topological vector space S(M ; ω) strong deformation retracts onto {0}, the conclusion follows from (1) .
Appendix
This appendix includes the proofs of trace the arguments in [9, 10] together with the continuity of related maps with respect to volume forms.
Proof of Theorem 2.1. For simplicity, let
We show that there exists a continuous map ψ :
the following conditions:
Then the required map ϕ :
A construction of the map ψ is described in [9] and [6, Ch I §4]. As for notations, for a smooth orientable C ∞ n-manifold N possibly with corners and a compact subset C of N , let
The arguments in [6, Ch I §4] (The Poincaré Lemma for compactly supported cohomology) yields a continuous map
In fact, for ω ∈ Ω n (R n ; [−1, 1] n ) 0 we have
where Kω ∈ Ω n−1 (R n ; [−1, 1] n ) and π * ω ∈ Ω n−1 (R n−1 ; [−1, 1] n−1 ) 0 are defined as follows. We set (x, t) = ((x 1 , · · · , x n−1 ), x n ). Choose any 1-form e = e(t)dt ∈ Ω 1 (R; [−1, 1]) such that ∞ −∞ e(s) ds = 1 and put
f (x, s) ds, and
Thus, if the map η n−1 is already defined, then π * ω = dη n−1 (π * ω) and the map η n is recursively defined by
To uniformize the local statement in the preceeding paragraph, the Mayer -Vietoris argument is applied with using a good cover and a partition of unity (cf. [6, Ch I §5]). Take any open cover
. Then, by the proof of [9, Lemma 1] we can find compact subsets K j in U j (j = 1, · · · , m) and continuous maps
such that ω = m j=1 ω j . Since there exists a diffeomorphism from U j onto R n which maps K j into [−1, 1] n , we can apply the result in the preceeding paragraph to each U j and sum up to obtain a continuous map This completes the proof.
Proof of Lemma 2.3. Since the maps µ, ν factor through the projections π 1 , π 2 from the product P 0 = V + (M ) × V + (M ) onto the 1st and 2nd factor, it suffices to consider the case where (P, µ, ν) = (P 0 , π 1 , π 2 ).
(1) We may assume that (M, E, S) = (S × R, S × [−1, 1], S × {0}), where S is an oriented C ∞ (n − 1)-manifold possibly with boundary and the orientation of M is induced from that of S and the standard orientation of R. We fix ω 0 ∈ V + (S) and set ω = ω 0 ∧ dt ∈ V + (M ).
We shall construct maps (i.e., if µ, ν ∈ V + (M ) and µ = ν on E ± x , then ψ µ = ψ ν on E ± x ). Then the required map ϕ : P 0 → D S∪(M −E U ) (M ) 1 is defined by ϕ (µ,ν) = ψ −1 ν ψ µ . Since (ψ µ ) * µ = ω = (ψ ν ) * ν on E K [−δ (µ,ν) , δ (µ,ν) ] (δ (µ,ν) = min {δ µ , δ ν }),
if we choose a map ε : P 0 → C ∞ (S, (0, 1)) so that ε (µ,ν) is sufficiently small for each (µ, ν) ∈ P 0 , then the maps ϕ and ε satisfies the required conditions.
The construction of the map ψ is described in [10, Lemma A2] . The key observation is that for each f ∈ C ∞ (M ) the associated map
has the property that (ϕ f ) * ω = f t ω, where f t = ∂f ∂t . Consider the following subspaces of C ∞ (M ):
Take three functions α ∈ C ∞ (R, (−1/2, 1/2)), λ ∈ C ∞ (R, [0, 1]) and ρ ∈ C ∞ (S, [0, 1]) such that (a) α(t) = t (|t| ≤ 1/3), α t > 0, (b) λ(t) = λ(−t), λ(t) = 0 (|t| ≤ 1/2), λ(t) = 1 (|t| ≥ 1), λ t (t) ≥ 0 (t ≥ 0) and (c) ρ(x) = 0 (x ∈ V ), ρ(x) = 1 on (x ∈ S − U ), where V is an open subset of S with K ⊂ V ⊂ U .
Choose a continuous map γ : C ∞ (M ) ′ → C ∞ (S, (0, 1/2)) such that
For each f ∈ C ∞ (M ) ′ we define f ∈ C ∞ (M ) ′ by f (x, t) = (1 − ρ(x))g(x, t) + ρ(x) · t, g(x, t) = (1 − λ(t))α(f (x, t)) + λ(t) · t ((x, t) ∈ M ).
Since f (x, t) = t ((x, t) ∈ S ∪ (M − E U )) and f = f on E V [−γ f , γ f ], it follows that (1) by ignoring the (−∞, 0]-side.
